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Abstract

Fixed point theory is one of the most significant branches of nonlinear analysis and has wide applications in
mathematics, economics, game theory, optimization, and decision sciences. A fixed point of a mapping is a point
that remains unchanged under the action of that mapping. In economic analysis, equilibrium is also a state in
which no participant has an incentive to change his or her decision. Thus, the mathematical idea of a fixed point
has a natural and powerful connection with economic equilibrium. The present research paper studies fixed
point theorems in metric and Banach spaces and explores their applications in economic equilibrium analysis.
The study mainly focuses on the Banach contraction principle, its relevance in complete metric spaces, and its
usefulness in proving the existence and uniqueness of equilibrium in economic models. The paper further
discusses how fixed point methods can be used to analyze price adjustment, demand-supply balance, consumer
choice, market stability, and iterative economic decision-making processes. This paper is theoretical and
analytical in nature and follows a mathematical research pattern suitable for government university and UGC-
oriented academic writing.
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1. Introduction

Mathematics plays a central role in the development
of modern economic theory. Economic systems are
generally complex because they involve several
interacting variables such as demand, supply, price,
income, utility, production, investment, and
consumption. In many cases, these variables adjust
continuously until the system reaches a stable
position. This stable position is known as
equilibrium. In economics, equilibrium refers to a
condition where the forces acting in opposite
directions become balanced. For example, in a
market system, equilibrium occurs when demand
and supply are equal at a particular price.

Fixed point theory provides a strong mathematical
foundation for studying such equilibrium
conditions. A point is called a fixed point of a
function if the function maps that point to itself.
Symbolically, if T is a mapping from a set X into
itself, then a point x € Xx is called a fixed point of T
if

T(x)=x

This simple-looking concept has deep implications
in economic analysis. Many economic models can be
expressed in the form of equations where the

solution represents a stable state. When these
models are transformed into fixed point equations,
fixed point theorems can be used to establish
whether an equilibrium exists, whether it is unique,
and whether it can be reached through repeated
adjustment.

Metric spaces and Banach spaces are two important
structures in mathematical analysis. A metric space
provides a framework to measure distance between
elements, while a Banach space is a complete
normed vector space. These spaces are particularly
useful in studying convergence, stability,
approximation, and optimization. Since economic
decisions often change through repeated processes,
convergence becomes important in determining
whether an economic system moves toward
equilibrium or remains unstable.

The Banach contraction principle is one of the most
famous fixed point theorems. It states that every
contraction mapping on a complete metric space has
a unique fixed point. This theorem is not only
elegant but also constructive because it provides an
iterative method to approximate the fixed point. In
economics, this method can be interpreted as a
process of repeated adjustment of prices,
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production levels, or consumption choices until
equilibrium is reached.

2. Objectives of the Study

The main objectives of the present research paper
are:

1. To explain the basic concept of fixed point
theorems in metric and Banach spaces.

2. To study the mathematical foundation of the
Banach contraction principle.

3. To analyse the relationship between fixed point
theory and economic equilibrium.

4. To examine the application of fixed point
theorems in demand-supply balance and market
stability.

5. To present a theoretical framework for applying
fixed point methods in economic decision-making
models.

6. To highlight the importance of fixed point theory
in modern mathematical economics.

3. Research Methodology

The present study is theoretical, analytical, and
conceptual in nature. It is based on mathematical
reasoning and interpretative economic analysis. The
study does not use primary survey data. Instead, it
examines established mathematical concepts and
applies them to economic equilibrium models.

The methodology includes the following steps:

First, the fundamental concepts of metric spaces,
Banach spaces, contraction mappings, and fixed
points are discussed. Second, important fixed point
results, especially the Banach contraction principle,
are explained with mathematical clarity. Third,
economic equilibrium is interpreted as a fixed point
problem. Fourth, simple mathematical models are
constructed to show how fixed point results can be
used in market equilibrium and price adjustment
analysis. Finally, the significance and limitations of
fixed point methods in economic studies are
discussed.

4. Conceptual Background of Fixed Point Theory
Fixed point theory studies conditions under which a
mapping has a point that remains unchanged after
the mapping is applied. Let X be a non-empty set
and let

T:X->X
be a mapping. A point x *€ X is called a fixed point
of T if
T(x*)=x"
Here, x* is stable under the transformation T. In
simple terms, when T acts on x*, the result is again
x*,
In economic terms, suppose T represents an
adjustment rule. For example, T may describe how
price changes in response to excess demand. If p is
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the current price and T (p) is the next adjusted price,
then equilibrium price p * satisfies

T()=rp
This means that once the price reaches p*, there is
no further adjustment. Hence, p* is an equilibrium
price.
Fixed point theory is important because it provides
answers to three central questions:
Existence: Does an equilibrium exist?
Uniqueness: Is the equilibrium only one, or are
there many?
Convergence: Can the equilibrium be reached by
repeated adjustment?
These three questions are also fundamental in
economics.

5. Metric Spaces

A metric space is a set in which the distance

between any two elements can be measured.

Formally, a metric space is an ordered pair (X,d),

where X is a non-empty set and d is a function
d:XXX->R

satisfying the following properties for all x,y,z € X:

5.1 Non-negativity

d(x,y)=0
The distance between two points is always non-
negative.

5.2 Identity of Indiscernibles

d(x,y) = 0 if and only if x=y

The distance between two points is zero only when
both points are the same.

5.3 Symmetry

d(x,y) =d(y,x)
The distance from x to y is equal to the distance
from y to x.

5.4 Triangle Inequality

d(x,z) <d(x,y)+d(y,z)
The direct distance from x to z cannot be greater
than the sum of the distances from x to y and from y
to z.
Metric spaces are useful in economics because they
allow researchers to measure the difference
between two economic states. For example, the
distance between two price vectors, two
consumption bundles, or two production plans can
be measured using a suitable metric.

6. Complete Metric Spaces

A sequence {x, }inametricspace (X,d) is called
a Cauchy sequence if for every € > 0, there exists a
positive integer N such that

d(x,, x, ) <€
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forallm,n > N.

This means that the terms of the sequence become
closer and closer to each other as the sequence
progresses.

A metric space (X,d) is called complete if every
Cauchy sequence in X converges to a point in X.
Completeness is very important in fixed point
theory. If an economic adjustment process
generates a sequence of prices or decisions that gets
closer and closer, completeness ensures that the
limiting point belongs to the same economic space.
Without completeness, the process may approach a
point that lies outside the model.

7. Banach Spaces
A Banach space is a complete normed vector space.
A normed vector space is a vector space X with a
norm function

I-l: X - R
satisfying the following conditions for all x,y € X
and scalar a :

7.1 Positivity

lxI=0
and
Il x I= 0if and only if
7.2 Homogeneity
Il ax =l a ll x I

7.3 Triangle Inequality

lx+ylIslxIl+Iyl
A norm induces a metric by

dlx,y) =llx—=yl

If every Cauchy sequence in the normed space
converges to a point in the same space, then the
space is called a Banach space.
Banach spaces are highly useful in economics
because many economic variables are vector-
valued. For example, a price system can be
represented as a vector, a commodity bundle can be
represented as a vector, and a production plan can
also be represented as a vector. Therefore, Banach
spaces provide a  suitable  mathematical
environment for studying economic equilibrium.

8. Banach Contraction Principle

The Banach contraction principle is one of the most
important results in fixed point theory.

Theorem: Banach Contraction Principle

Let (X, d) be a complete metric space, and let T: X —
XT:X be a contraction mapping. That means there
exists a constant k, where

0<k<1

such that
d(Tx,Ty) <k
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for all x,y € Xx,. Then T has a unique fixed point
x*€X. Moreover, for any initial point x0€X, the
sequence defined by  x,,,; = T(x,)

converges to x*.

Interpretation

This theorem states that if a mapping brings points
closer together by a fixed ratio less than one, then
there exists exactly one point that remains
unchanged under the mapping. Further, repeated
application of the mapping from any starting point
will approach this fixed point.

In economic terms, if an adjustment mechanism
reduces the distance between successive economic
states, then the economy will move toward a unique
and stable equilibrium.

9. Proof of Banach Contraction Principle
Let x, € X be arbitrary. Define a sequence {x,,} by
Xn+1 = T(xn)
for n=0,1,2,...
Since T is a contraction,
d(x, +1,x,) = d(Tx,, Txp_1) < kd(x,, Xp_1)
Applying this repeatedly, we get
d(xn+11xn) =k"d (xl » Xo )
Now, for m>n,
d(xmt xm) s d(xmx xm—l) + d(xm—1: xm—z) ot
d(xn—lt xn)

Using the previous inequality,
d(xp, x,) < (K™ T+ K™+ L+ k™) d(xy, x0)
Thus,

K"
d(Xm, xn) < [m ]d(x1 ,X o)

Since 0<k<1,k™"—0 as n—o . Therefore, {x"} is a
Cauchy sequence.

Since X is complete, there exists x*€X such that

x" - x*

Now, since T is continuous due to contraction,

T(x,) > T(x")

But
T(xn) = Xn41
and since x,,,—2x", we get
T(x*)=x"
Therefore, x* is a fixed point of T.
To prove uniqueness, suppose u and v are two fixed
points of T. Then
T(u)=u
And
T(v)=v
Using contraction property,
d(u,v) =d(Tu,Tv) < kd(u,v)
This implies
1-kduv)<o0
Since 1 — k > 0, we must have

dfu,v) =0
Therefore,

Doi: 10.69980/ajpr.v28i1.915

1548-7776 Vol. 28 No.01 (2025)May

3282/3286


https://ajprui.com/index.php/ajpr/index

Pragya Shamra

American Journal of Psychiatric Rehabilitation

u=v
Hence, the fixed point is unique.

10. Economic
Understanding
Economic equilibrium is a condition in which
different economic forces become balanced. In a
market, equilibrium occurs when demand equals
supply. If demand is greater than supply, price tends
to rise. If supply is greater than demand, price tends
to fall. The price at which demand and supply
become equal is called the equilibrium price.
Mathematically, if D(p) represents demand at price
p, and S(p) represents supply at price p, then the
equilibrium price p * satisfies

D(p=*) = S(p=)
This can be rewritten as a fixed point problem.
Suppose the price adjustment rule is given by
Pn+1 =T (Pn)
where p, is the price at stage n, and T is the
adjustment mapping. An equilibrium price p * is
obtained when
p* =T(p*)

Equilibrium: Conceptual

Thus, economic equilibrium is mathematically
equivalent to a fixed point.

11. Fixed Point Formulation of Market
Equilibrium
Consider a simple market where the price changes
according to excess demand. Let
E(p) =D() —S)

where E (p) is excess demand.
If E(p) >0, demand exceeds supply and price
increases.
If E(p) <0, supply exceeds demand and price
decreases.
If E(p) = 0, demand equals supply and the market is
in equilibrium.
A price adjustment rule may be defined as

T(p) = p+AD(P) —S(P)]
where 4 > 0 is an adjustment parameter.
At equilibrium,

T(p*)=p*
Therefore,
px+A[D(p ) —S(p*)]=p=*
This implies
Dp=*x)—S(p=*x) =0
Hence,

D(p*) =5S(*)

Thus, the fixed point of T gives the market
equilibrium price.

12. Application in Demand-Supply Equilibrium

Let the demand and supply functions be given by
D(p) =a—bp

and
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S(p) =c+dp
where a, b,c,d > 0.
The equilibrium condition is

D(p)=S(p)
Thus,
a—bp=c+dp
a—c=((Mb+d)p
Therefore,
*xo 37C
b+d

Now define the price adjustment mapping as
T(p) =p+AD(P) — S(p)]
Substituting demand and supply functions,
T(p) =p+Al(a—bp) — (c +dp)]
T(p) =p+Al(a—c) = (b+d)p]
T(p)=p+A(a—c)—Ab+dp
T(p)=[1-Ab+d)]p+1i(a—0)
For T to be a contraction mapping, we require
[1-A(h+d)I<1
This gives

2
O<A<—
b+d

If this condition is satisfied, then by the Banach
contraction principle, the market has a unique
equilibrium price and the price adjustment process
converges to that equilibrium.

This shows the direct usefulness of fixed point
theory in economic equilibrium analysis.

13. Application in Banach Space Economic
Models

In real economic systems, there may be several
commodities. Therefore, price is not a single
number but a vector. Let

p=(p1,p2,p3,...0n)

be a price vector in R". Here, p . represents the
price of the i*" commodity.

The demand and supply functions may be written as
vector-valued functions:

D(p)=(D1(p),D2(p),.--Dr(p))
and

S(p)=(51(p),S2(p),---Sn(P))
The equilibrium condition becomes
D+ =5S(p=*

A vector price adjustment mapping may be defined
as

T() =p+ D) —SE)]
The equilibrium price vector p* satisfies

T(p*)=p*

D(p+*) =S+
If the price space is a Banach space and TTT is a
contraction mapping, then the Banach contraction
principle guarantees the existence and uniqueness
of equilibrium.

which implies

14. Economic Interpretation of Contraction
Mapping
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A contraction mapping represents a stable
adjustment process. In economics, this means that
whenever the system is disturbed, the adjustment
mechanism reduces the deviation from equilibrium.
For example, suppose two different initial prices p
and q are taken. If the adjustment rule satisfies
d(Tp,Tq) < kd(p,q)
where 0 < k < 1, then after one adjustment, the
distance between the two price paths becomes
smaller. After repeated adjustments, the distance
continues to decrease. Eventually, both paths
converge to the same equilibrium price.
This has an important economic meaning. It means
that the final equilibrium does not depend on the
initial price. Whether the market starts with a high
price or a low price, the adjustment process will
lead to the same equilibrium, provided the
contraction condition is satisfied.

15. Fixed Point Theorem and Consumer Choice

Equilibrium

Consumer choice theory studies how consumers

select the best bundle of goods under budget

constraints. Suppose a consumer’s choice

adjustment rule is represented by a mapping

T:X-X

where X is the set of feasible consumption bundles.

A consumption bundle x * is an equilibrium choice if
T(xx) =x*

This means that once the consumer chooses x*,

there is no reason to change the choice further.

In a Banach space setting, if X is complete and the

mapping T is contractive, then there exists a unique

stable consumption choice. Such a result is useful in

dynamic consumer behavior models where

consumers revise their choices based on income,

price, preference, and utility.

16. Fixed Point Theorem and Production
Equilibrium
A producer adjusts output according to expected
demand, production cost, and market price. Let y
represent output level and let

T(y)
represent the next output decision. A production
equilibrium occurs when

T(y*)=y=*

This means the producer has no incentive to
increase or decrease output.
If T is a contraction mapping on a complete metric
space, then the production system has a unique
stable output level. This can be used in production
planning, inventory management, cost
minimization, and supply chain equilibrium.

17. Fixed Point Theorem and Price Stability
Price stability is a major concern in economic
analysis. Unstable price behavior creates
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uncertainty for consumers, producers, investors,
and policymakers. Fixed point theory helps in
studying price stability by providing mathematical
conditions under which prices converge to
equilibrium.

If the price adjustment rule is contractive, then price
fluctuations gradually decrease. This means the
market becomes stable over time. However, if the
mapping is not contractive, the market may display
instability, oscillations, or divergence.

Thus, fixed point theory helps distinguish between
stable and unstable economic systems.

18. Mathematical Model for Economic
Equilibrium
Let X be a complete metric space representing the
set of all possible economic states. An economic
state may include prices, quantities, income, output,
investment, and consumption. Let
T:X-X

be an economic adjustment mapping.
The economy is said to be in equilibrium at x *€ X if
T(x*)=x*
Assume that there exists a constant k € [0,1) such
that

d(Tx,Ty) < kd(x,y)
forall x,y € X.
Then, by the Banach contraction principle, T has a
unique fixed point x*. Therefore, the economic
system has a unique equilibrium.
Further, for any initial economic state x,, the
iterative sequence
Xn+1=T(Xn)
converges to x*. This means that the economy will
move toward equilibrium regardless of its initial
condition.

19. Main Findings of the Study

The major findings of the study are as follows:

1. Fixed point theory provides a strong
mathematical foundation for studying economic
equilibrium.

2. Economic equilibrium can be interpreted as a
fixed point of an economic adjustment mapping.

3. Metric spaces are useful in measuring the
distance between economic states.

4. Banach spaces provide a complete framework
for analyzing vector-valued economic variables such
as price vectors, production vectors, and
consumption bundles.

5. The Banach contraction principle guarantees the
existence and uniqueness of equilibrium under
suitable contraction conditions.

6. In demand-supply models, equilibrium price can
be obtained as a fixed point of a price adjustment
function.
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7. Fixed point methods are useful in studying
market stability, price adjustment, consumer choice,
and production decisions.

8. A contraction mapping represents a stable
economic adjustment process.

9. If the contraction condition fails, the economic
system may become unstable or may not converge
to equilibrium.

10.Fixed point theory has significant relevance in
modern mathematical economics, especially in
equilibrium theory, game theory, and optimization.

20. Discussion

The relationship between fixed point theory and
economic equilibrium is natural and meaningful. In
mathematics, a fixed point is a state that remains
unchanged under a mapping. In economics,
equilibrium is a state that remains unchanged under
market forces or decision rules. Therefore, both
ideas express stability in different languages.

The Banach contraction principle is especially useful
because it gives not only the existence of
equilibrium but also its uniqueness and method of
approximation. This makes it stronger than many
purely existential results. In economic analysis,
uniqueness is important because multiple equilibria
may create uncertainty. If the equilibrium is unique,
policymakers and researchers can make clearer
predictions.

However, the Banach contraction principle has
limitations. It requires the mapping to be
contractive and the space to be complete. In many
real economic systems, adjustment may not always
be contractive. Economic behavior may be
influenced by uncertainty, irrational expectations,
external shocks, political decisions, and institutional
factors. Therefore, while fixed point theory provides
a strong mathematical foundation, real-world
economic applications require careful
interpretation.

Despite these limitations, fixed point methods
remain highly valuable in theoretical economics.
They are widely used in general equilibrium theory,
dynamic programming, optimization, game theory,
and nonlinear economic models.

21. Significance of the Study

This study is significant because it connects pure
mathematics with applied economic analysis. Fixed
point theory is often studied as an abstract branch
of mathematics, but its applications in economics
show its practical importance. The study helps
researchers  understand how  mathematical
structures such as metric spaces and Banach spaces
can be used to analyze market equilibrium and
stability.

The paper is also useful for research scholars
working in mathematical economics, applied
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mathematics, optimization, and decision sciences. It
provides a theoretical base for further research on
generalized fixed point theorems, fuzzy economic
models, ordered metric spaces, and dynamic
economic systems.

22. Limitations of the Study

The present study is theoretical in nature. It does
not use empirical data from a real market. The
economic models discussed are simplified for
mathematical clarity. Real economic systems may
involve  nonlinearity, uncertainty, irrational
behavior, government intervention, external shocks,
and institutional constraints. Therefore, further
research may extend this study by applying fixed
point methods to real data-based economic models.

23. Scope for Future Research

Future research may be conducted in the following
areas:

1. Fixed point theorems in fuzzy metric spaces for
uncertain economic systems.

2. Fixed point theory in ordered Banach spaces for
preference-based economic models.

3. Applications of multivalued fixed point theorems
in game theory and decision-making.

4. Fixed point methods for nonlinear dynamic
economic systems.

5. Application of fixed point theory in financial
market equilibrium.

6. Economic equilibrium analysis under risk and
uncertainty using generalized metric spaces.

7. Computational fixed point methods for large-
scale economic models.

24, Conclusion

Fixed point theorems form an essential part of
nonlinear analysis and have strong applications in
economic equilibrium analysis. The present paper
has shown that economic equilibrium can be
effectively understood as a fixed point of an
adjustment mapping. Metric spaces help measure
differences between economic states, while Banach
spaces provide a complete structure for studying
convergence and stability.

The Banach contraction principle is especially
important because it guarantees the existence,
uniqueness, and convergence of fixed points under
contraction conditions. In economics, this means
that a stable adjustment process leads to a unique
equilibrium.  Applications in demand-supply
balance, price adjustment, consumer choice, and
production equilibrium show that fixed point theory
is not only an abstract mathematical idea but also a
powerful tool for economic analysis.

Thus, the study concludes that fixed point theorems
in metric and Banach spaces provide a valuable
mathematical framework for analysing economic
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equilibrium, market stability, and decision-making
processes. This topic is highly relevant for
mathematical research under UGC and government
university patterns because it combines rigorous
mathematical theory with meaningful economic
applications.
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